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Abstract
Temporal cavity solitons are ultrashort optical pulses circulating in driven Kerr resonators. Their intrinsic stability and
ability to generate coherent broadband frequency combs have led to breakthroughs in fields such as sensing,
metrology, and signal synthesis. However, this robustness limits control over soliton dynamics and constrains comb
characteristics. Here, we demonstrate that stationary and moving trapping potentials, generated through intracavity
phase modulation, provide unprecedented control over cavity soliton properties. We theoretically show that, for deep
potentials, the soliton spectral shift and repetition rate tuning range are primarily limited by a Hopf bifurcation, and
reveal the role of dissipation in soliton dynamics. Using a fibre resonator, we observe stable blue- and red-shifted
solitons up to 0.4 times their spectral width, at least an order of magnitude larger than with external phase modulation
of the drive. We also investigate the interplay between the trapping potential and stimulated Raman scattering,
showing that Raman self-frequency shift can be fully compensated, extending the existence range of cavity solitons.
Our results provide a new means for stabilising or rapidly tuning the repetition rate of Kerr combs over a wide range,
broadening the applications of Kerr frequency combs.

Introduction
Dissipative solitons are a fascinating class of localised

structures that emerge in non-conservative systems1–4.
They are uniquely determined by the system parameters to
achieve a double balance: between dissipation and gain, and
between dispersion and nonlinearity5. The latter ensures the
invariance of nonlinear waves during propagation, endow-
ing them with particle-like behaviour. Among optical dis-
sipative solitons, temporal cavity solitons (CSs) are sech-
type pulses propagating endlessly in coherently driven Kerr
resonators6–9. The remarkable stability of the emitted out-
put pulse train has led to growing interest in CSs over the
last decade, driving progress in diverse applications such as
distance measurement10, high-resolution spectroscopy11,
telecommunications12, and astronomy13. Meanwhile, con-
siderable efforts have been devoted to controlling the
properties of cavity solitons11,14–16, notably through

modulations of the driving field’s phase17–20 and ampli-
tude21–24. An appealing alternative approach would be to
leverage the interaction between solitons and an intracavity
phase modulation (IPM), which acts as an external potential
for the nonlinear waves25–28. The interplay between solitons
and a potential was extensively studied for conservative
solitons (see e.g., refs. 29–31 and references therein), as well
as for dissipative solitons in active mode-locked lasers32,33.
Yet, the frequency constraint and phase locking of CSs to
the coherent driving wave make these solitons more sus-
ceptible to perturbations affecting the delicate double bal-
ance. This raises the question of the effectiveness of
intracavity phase traps in controlling and manipulating
cavity solitons.
In our work, we theoretically and experimentally

explore the interaction between coherently driven cavity
solitons and trapping potentials. Specifically, we derive the
properties and existence range of cavity solitons syn-
chronised to drifting IPMs. We demonstrate that the
trapping enables the robust manipulation of the CS centre
frequency and the output soliton comb repetition rate
over a larger tuning range than established methods. As
an application of the CS frequency control, we study the
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competition between an IPM and the stimulated Raman
scattering (SRS). We show that SRS can be fully com-
pensated and that the trapping mechanism extends the
existence of cavity solitons beyond the fundamental limit
imposed by SRS alone34. Our work, by combining
coherent driving and intracavity electro-optics modula-
tion, paves the way to new generations of versatile Kerr
comb sources.

Results
Theoretical analysis
We first theoretically analyse the impact of a real

potential (V), such as that generated by IPM, on the
existence and stability of CSs. The starting point is the
driven-dissipative nonlinear Schrödinger equation, also
known as the Lugiato-Levefer equation (LLE), a mean-
field model that describes remarkably well the dynamics
of coherently driven passive Kerr resonators35–37. It is
here generalised to include a potential term. As such, it
can be seen as the driven-dissipative Gross-Pitaevskii
equation. It reads in dimensionless form (see Supple-
mentary Information section A for the normalisation)28,38:

i
∂Aðt; τÞ

∂t
¼ iS þ Δþ V τð Þ½ � � i� Aj j2 þ i d

∂

∂τ
þ i

∂2

∂τ2

� �� �
A

ð1Þ

where t is the (slow) time associated with the round-trip
evolution of the electric field envelope Aðt; τÞ of a wave
propagating in a dispersive resonator with anomalous
group-velocity dispersion and focusing Kerr nonlinearity.
τ is a (fast) time variable defined in a co-moving reference
frame in which V ðτÞ is assumed stationary with time t. S

is the driving amplitude and Δ is the normalised phase
detuning from the closest resonance. d is a drift
coefficient that accounts for a non-zero group velocity
at the driving frequency in the co-moving
reference frame.
Dissipative Kerr cavity solitons are stationary solutions

localised along the fast time τ. They are sustained by the
coherent driving and, without the potential, their prop-
erties are uniquely defined by the detuning and the driv-
ing strength. Provided that the potential slowly varies on
the soliton envelope, it can be linearised around the
soliton position τs, V � V τsð Þ þ ∂τV jτsðτ � τsÞ. Equation
(1) shows that the potential modifies the detuning seen by
the soliton according to its position. We define this
detuning as the local detuning Δþ V ðτsÞ. Besides, V adds
a linear phase / ∂τV , hence shifting the frequency of the
CS. Therefore, stationary CSs in the reference frame of V
can be understood as follows. A negative (positive) slope
at the soliton location τs makes it travel slower (faster)
than the driving frequency due to anomalous dispersion,
stabilising the CS at the potential minimum for d ¼ 0.
Consequently, without drift, the CS spectrum is centred
on the driving frequency (see Fig. 1b). Conversely, for
d ≠ 0, we expect the CS to settle at a position τs, away
from the minimum where it undergoes a frequency shift
(Fig. 1a, c), as demonstrated in ref. 26 for a very small
soliton frequency shift. Yet, little is known about the
existence and stability of these solitons for large drifts and
frequency shifts. Numerical simulations of Eq. (1) confirm
that stable solitons exist up to a critical drift value.
To gain more insights into the properties of trapped

CSs, we derive a reduced model by applying the Lagran-
gian perturbative approach to the solitary wave solutions
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Fig. 1 Control of CSs by a potential: concept and bifurcation structure. Trapping of a CS in a potential VðτÞ for negative (a), zero (b) and positive
(c) drift d. Without drift (d ¼ 0), cavity solitons are trapped at the potential minimum. Stationary solitons are either blue- or red-shifted, depending on
the sign of the drift. d Phase diagram in the ðΔs; jΩjÞ-parameter space showing the region of existence of cavity solitons and their stability for a
cosine potential (J ¼ 68, W ¼ 0:52), and S ¼ 14. The horizontal dash-dotted line (ΩSL) is the limit set by the maximum slope of V. The dashed blue
line is the driving depletion limit of CS (ΩDL) given by the reduced model Eq. (8), while the two plain blue lines are the saddle-node bifurcations (Ω1

and ΩDL) of CS solutions of Eq. (1). The Hopf bifurcations (ΩH1;2) at which CSs gain or lose their stability are represented by the purple dotted lines.
The grey dots show the frequency shift where the CS ceases to exist in direct numerical simulations of Eq. (1) when slowly increasing the drift d. The
blue and red shaded areas indicate regions of stable and unstable CSs, respectively
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of Eq. (1)26,39,40. Neglecting the background on which the
solitons sit, the solution is approximated by a sech-shaped
pulse whose centre frequency is shifted by Ω : As t; τð Þ ¼
B sech B τ�τsð Þffiffi

2
p

h i
expði½ϕ�Ωðτ � τsÞ�Þ, where B is the soli-

ton amplitude, ϕ its phase and τs its position along the
fast time. This yields four coupled equations, one for each
soliton parameter (see also Supplementary Information):

dΩ
dt
¼ �Ω

B
dB
dt
� 2Ωþ dV τsð Þ

dτs
ð2Þ

dB
dt
¼ �2Bþ πS cos ϕð Þsech Ωπffiffiffi

2
p

B

� �
ð3Þ

dϕ
dt
¼ B2

2
�Ω2 � Δþ V τsð Þ½ � � dτs

dt
þ d

� �
Ω ð4Þ

dτs
dt
¼ �2Ω� d ð5Þ

We here focus on steady-state solutions. First we find
that Ω ¼ �d=2, or in dimensional units β2Lcδω ¼ dtR,
where Lc is the resonator length, tR is the roundtrip time,
β2 is the group-velocity dispersion coefficient, d is the
dimensional drift coefficient and δω is the soliton fre-
quency shift. The above condition ensures that the soliton
remains stationary in the potential, implying that the CS
centre frequency is determined exclusively by the drift.
Defining locally the gradient of V as a monotonic function
D ¼ dV ðτÞ=dτ, the CS steady-state temporal position is
τs ¼ D�1j�d , with D�1 the reciprocal function of D.
Besides, we have Ω ¼ 1

2D. The frequency shift is thus
bounded by the maximum value of the slope ΩSL ¼
1
2 jDmaxj. In dimensional units, it reads:

δωSL ¼ � F2π ´ϕ0int ð6Þ

where F is the cavity finesse and ' stands for the first
derivative with respect to the fast time τ of the internal
phase modulation. It is worth comparing this result with
the limit δωSL ¼ �ϕ0ext for external phase modulations of
the driving17. It shows that the maximum frequency shift
a soliton can sustain is enhanced by the factor F=2π when
the resonator is internally modulated. Likewise, the CS
speed in response to the potential is enhanced by the
same factor, making internal modulation more effective in
manipulating CSs (see Supplementary Information, Sec-
tion E). Moreover, for static potentials (d ¼ 0) Ω ¼ 0),
we see that CSs are located at the extrema of V. However,
only the minima are stable. Hence, CSs are trapped at the
minimum of the potential. The equation of motion for the
soliton phase yields the stationary soliton amplitude (or,

equivalently, its spectral width � 0:8B):

B ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2½Δþ V τsð Þ �Ω2�

q
¼

ffiffiffiffiffiffiffiffiffiffi
2Δeff

p ð7Þ

where we have introduced the effective detuning Δeff that
accounts for the local detuning Δs ¼ Δþ V ðτsÞ and the
additional detuning from the frequency shift due to
dispersion. The usual expression for the CS amplitude
B ¼ ffiffiffiffiffiffi

2Δ
p

is retrieved for Δ ¼ Δeff
37.

Finally, setting cos ϕð Þ ¼ 1 in Eq. (3) yields the CS
existence limit. It reads:

2
π

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2Δeff ;DL

p ¼ S sech
πΩDL

2
ffiffiffiffiffiffiffiffiffiffiffiffiffi
Δeff ;DL

p
 !

ð8Þ

The maximum detuning (Δeff ;DLÞ can be seen as the
pump depletion limit and corresponds to a saddle-node
bifurcation. The predicted value by the LLE ½ΔLLE

DL ¼
πSð Þ2=8� is here generalised to frequency-shifted cavity
solitons. Specifically, it shows that the driving strength S is
effectively diminished by the normalised spectral ampli-
tude of the soliton at the driving frequency: S !
S sech πΩ

2
ffiffiffiffiffiffi
Δeff
p

� �
.

We now particularise to a periodic potential of the form
V τð Þ ¼ �J cos Wτð Þ where we set the amplitude and
frequency to J ¼ 68 and W ¼ 0:52, close to the experi-
mental parameters. The existence region of cavity soli-
tons, plotted in the two-dimensional (Δs; jΩj)-parameter
space, is reported in Fig. 1. The limitation from the
maximum slope is jdSLj ¼ 2jΩSLj. With our parameters,
ΩSL cannot be reached because the depletion limit (ΩDL)
is met first. Furthermore, the largest frequency shift,
determined by ΩDLj j, shows a maximum with Δs. On the
one hand, at large detunings, CSs are spectrally broad but
close to the depletion limit without drift (i.e., for Ω ¼ 0).
A small decrease in the effective driving strength due to
the frequency shift is thus sufficient to cross their exis-
tence limit. On the other hand, in the small detuning
range, the spectral width of CSs is initially small. The
effective driving strength is therefore quickly reduced by
the frequency shift, all the more so as the spectral width is
also narrowed by the shift.
To confirm the depletion limit from Eq. (8), we com-

pute it by finding the corresponding saddle-node solution
of Eq. (1) using a continuation scheme. The agreement is
excellent except for low detunings where the homogenous
background of the CS solution is not negligible.
We then look at the stability of the localised solutions.

Interestingly, we find that CSs can undergo a Hopf
bifurcation, denoted as ΩH2, below the depletion limit. It
is not found with our reduced model from the motion
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pensated and that the trapping mechanism extends the
existence of cavity solitons beyond the fundamental limit
imposed by SRS alone34. Our work, by combining
coherent driving and intracavity electro-optics modula-
tion, paves the way to new generations of versatile Kerr
comb sources.

Results
Theoretical analysis
We first theoretically analyse the impact of a real

potential (V), such as that generated by IPM, on the
existence and stability of CSs. The starting point is the
driven-dissipative nonlinear Schrödinger equation, also
known as the Lugiato-Levefer equation (LLE), a mean-
field model that describes remarkably well the dynamics
of coherently driven passive Kerr resonators35–37. It is
here generalised to include a potential term. As such, it
can be seen as the driven-dissipative Gross-Pitaevskii
equation. It reads in dimensionless form (see Supple-
mentary Information section A for the normalisation)28,38:

i
∂Aðt; τÞ

∂t
¼ iS þ Δþ V τð Þ½ � � i� Aj j2 þ i d

∂

∂τ
þ i

∂2

∂τ2

� �� �
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where t is the (slow) time associated with the round-trip
evolution of the electric field envelope Aðt; τÞ of a wave
propagating in a dispersive resonator with anomalous
group-velocity dispersion and focusing Kerr nonlinearity.
τ is a (fast) time variable defined in a co-moving reference
frame in which V ðτÞ is assumed stationary with time t. S

is the driving amplitude and Δ is the normalised phase
detuning from the closest resonance. d is a drift
coefficient that accounts for a non-zero group velocity
at the driving frequency in the co-moving
reference frame.
Dissipative Kerr cavity solitons are stationary solutions

localised along the fast time τ. They are sustained by the
coherent driving and, without the potential, their prop-
erties are uniquely defined by the detuning and the driv-
ing strength. Provided that the potential slowly varies on
the soliton envelope, it can be linearised around the
soliton position τs, V � V τsð Þ þ ∂τV jτsðτ � τsÞ. Equation
(1) shows that the potential modifies the detuning seen by
the soliton according to its position. We define this
detuning as the local detuning Δþ V ðτsÞ. Besides, V adds
a linear phase / ∂τV , hence shifting the frequency of the
CS. Therefore, stationary CSs in the reference frame of V
can be understood as follows. A negative (positive) slope
at the soliton location τs makes it travel slower (faster)
than the driving frequency due to anomalous dispersion,
stabilising the CS at the potential minimum for d ¼ 0.
Consequently, without drift, the CS spectrum is centred
on the driving frequency (see Fig. 1b). Conversely, for
d ≠ 0, we expect the CS to settle at a position τs, away
from the minimum where it undergoes a frequency shift
(Fig. 1a, c), as demonstrated in ref. 26 for a very small
soliton frequency shift. Yet, little is known about the
existence and stability of these solitons for large drifts and
frequency shifts. Numerical simulations of Eq. (1) confirm
that stable solitons exist up to a critical drift value.
To gain more insights into the properties of trapped

CSs, we derive a reduced model by applying the Lagran-
gian perturbative approach to the solitary wave solutions
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Fig. 1 Control of CSs by a potential: concept and bifurcation structure. Trapping of a CS in a potential VðτÞ for negative (a), zero (b) and positive
(c) drift d. Without drift (d ¼ 0), cavity solitons are trapped at the potential minimum. Stationary solitons are either blue- or red-shifted, depending on
the sign of the drift. d Phase diagram in the ðΔs; jΩjÞ-parameter space showing the region of existence of cavity solitons and their stability for a
cosine potential (J ¼ 68, W ¼ 0:52), and S ¼ 14. The horizontal dash-dotted line (ΩSL) is the limit set by the maximum slope of V. The dashed blue
line is the driving depletion limit of CS (ΩDL) given by the reduced model Eq. (8), while the two plain blue lines are the saddle-node bifurcations (Ω1

and ΩDL) of CS solutions of Eq. (1). The Hopf bifurcations (ΩH1;2) at which CSs gain or lose their stability are represented by the purple dotted lines.
The grey dots show the frequency shift where the CS ceases to exist in direct numerical simulations of Eq. (1) when slowly increasing the drift d. The
blue and red shaded areas indicate regions of stable and unstable CSs, respectively
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equations, probably because the chirp is not included in
the ansatz41. This new bifurcation connects to the stan-
dard breathing Hopf bifurcation (ΩH1) that stabilises the
CS solutions at low detunings. Simulations of Eq. (1)
indicate that, unlike typical Hopf bifurcations, CSs do not
exhibit breathing behaviour upon exceeding the frequency
shift threshold jΩH2j. Instead, the oscillation keeps
growing in amplitude until the soliton disappears. Hence,
there is a maximum frequency shift CSs can withstand. It
is set either by the depletion limit or the Hopf bifurcation.
We note that for much smaller maximum slope of V, the
jΩSLj threshold could be reached first, as in ref. 26. Beyond
ΩSL, the existence limits given by ΩDL and ΩH2 are not
relevant, as they only concern steady-state CSs.

Experimental set-up
We aim next to confirm our theoretical predictions

experimentally. A schematic of the setup is shown in
Fig. 2a (see also Supplementary Fig. S4). It mainly consists
of a Lc ¼ 64 m-long fibre ring resonator (3.12MHz free-
spectral range), optically driven by a highly coherent
continuous-wave (CW) laser. It incorporates an electro-
optic modulator (EOM) driven by a radio-frequency
harmonic signal, whose amplitude and frequency can be
tuned, to generate a periodic potential. The resonator also
includes a short piece of erbium-doped fibre to partially
compensate for the cavity loss42. The measured effective
loss at small signal is about 2.5%. At the driving power

and detunings to observe CSs, the gain is slightly satu-
rated by the background (the fast saturation by a single CS
being negligible). Consequently, within the detuning
range in the experiments, the effective loss (Λe) is esti-
mated to lie between 3 and 4%. Beyond modulating the
effective loss, we have not seen the impact of the gain.

Temporal trapping by drifting potentials
In a first experiment, we set the driving to Pin ¼ 80 mW

and the amplitude of the IPM to JRF ¼ 1 rad (i.e., S ¼ 10:25
and J ¼ 54 at 3.7% loss) to investigate the soliton properties
as the drift coefficient is linearly scanned. We start with a
ωRF
2π � 12GHz frequency modulation (W ¼ 0:47) that mat-
ches an exact integer multiple of the cavity free spectral
range (FSR) to generate a stationary phase modulation
(d ¼ 0, see methods). Once the cavity is stabilised at a given
phase detuning, we excite a single CS using a single
addressing pulse6,43. After the transient, we slowly tune the
frequency of the modulation to higher (d < 0) or lower
(d > 0) values until the CS disappears. At each modulation
frequency, the CS spectrum is recorded to determine the
corresponding spectral width (/ B) and frequency shift.
Figure 2d presents the dependence of the spectral width on
the frequency shift across different detuning values,
encompassing both positive and negative drift regimes. A
good match is observed with the analytical predictions from
Eq. (7) with τs ¼ D�1j2Ω, confirming the reduction of the
CS spectral width with the frequency shift, that is, with the
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Fig. 2 Cavity soliton central frequency manipulation. a Schematic of the experimental set-up. The coherently driven resonator is made of single-
mode fibre (SMF) and includes an intracavity electro-optic phase modulator (EOM) to generate a sinusoidal potential ðJRF ¼ 1rad; ωRF

2π � 12GHzÞ. The
erbium-doped fibre (EDF) amplifier partially compensates for the cavity loss to emulate a low-loss passive resonator. Typical spectra measured for
positive (b) or negative (c) potential drifts. The drift amplitude and sign control the CS spectral position, which can be blue or red-shifted with respect
to the pump. d Spectral width of the soliton (circle), as a function of its frequency shift when the drift parameter is increased or decreased. Solitons
are generated with 80 mW input power and a driving beam detuning δ0 between 2 and 3.4 rad. The last measurement before the soliton disappears
is indicated by a triangle. The plain lines are the theoretical solutions from Eq. (7), and the dotted lines give the position of the Hopf ΩH2 for different
effective loss. Shaded area: stable CSs under an external phase modulation of the same amplitude and frequency
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drift. The measured maximum shifts agree well with our
bifurcation analysis for broad CSs (i.e., large detuning), but
deviate from the value given by ΩH2 for solitons at lower
detunings (see also Supplementary Fig. S8). We note that
Raman scattering cannot account for this discrepancy, since
it should predominantly affect shorter solitons. Numerical
analysis indicates that the difference likely stems from
higher effective loss than expected, as the limit is highly
sensitive to loss. We also compare our results to the case of
external modulation. As expected from our theoretical
analysis, larger shifts can be reached with internal
modulations.
These first results highlight the impact of IPM on the

existence and characteristics of trapped CSs. Particularly,
the modulation enables to control the CS central wave-
length as well as the repetition rate of the frequency comb
leaving the cavity, which may open up interesting new
avenues27. In what follows, as an illustration, we show
how such control can be harnessed to overcome the
detrimental effects of Raman scattering.

Competition between temporal trapping and Raman
scattering
In resonators made of amorphous materials, SRS is a

significant effect that may red-shifts the spectrum of

cavity solitons relative to the driving laser wavelength, and
whose magnitude depends on the detuning40,44. The fre-
quency shift, in turn, changes the soliton repetition rate, a
coupling mechanism that is beneficial to filter out the
frequency noise of the driving laser, though only in a
limited spectral bandwidth45, otherwise, it is detrimental.
In addition, SRS is known to set an upper detuning limit
to the CSs existence range, owing to the onset of a Hopf
bifurcation. This consequently restricts their duration and
bandwidth34. However, assuming that the SRS limitation
finds its origin in the frequency shift, it should be possible
to overcome the Raman limit by trapping CSs within
potentials. Indeed, the synchronisation of a steady-state
CS to an IPM without drift compels its spectrum to
remain centred on the driving. To experimentally confirm
our prediction, we use the same potential shape as in the
previous experiments, but we now scan the detuning with
d ¼ 0. Our results are shown in Fig. 3a, b. They confirm
that stationary potentials do not prevent the existence of
stable CSs in the presence of strong SRS. Moreover, with
increasing detuning, the centre of the CS spectrum
remains pinned to the driving wavelength, even as the
soliton duration decreases and its spectrum widens.
In order to have a better understanding of the compe-

tition between SRS and an IPM, we first extend our
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equations, probably because the chirp is not included in
the ansatz41. This new bifurcation connects to the stan-
dard breathing Hopf bifurcation (ΩH1) that stabilises the
CS solutions at low detunings. Simulations of Eq. (1)
indicate that, unlike typical Hopf bifurcations, CSs do not
exhibit breathing behaviour upon exceeding the frequency
shift threshold jΩH2j. Instead, the oscillation keeps
growing in amplitude until the soliton disappears. Hence,
there is a maximum frequency shift CSs can withstand. It
is set either by the depletion limit or the Hopf bifurcation.
We note that for much smaller maximum slope of V, the
jΩSLj threshold could be reached first, as in ref. 26. Beyond
ΩSL, the existence limits given by ΩDL and ΩH2 are not
relevant, as they only concern steady-state CSs.

Experimental set-up
We aim next to confirm our theoretical predictions

experimentally. A schematic of the setup is shown in
Fig. 2a (see also Supplementary Fig. S4). It mainly consists
of a Lc ¼ 64 m-long fibre ring resonator (3.12MHz free-
spectral range), optically driven by a highly coherent
continuous-wave (CW) laser. It incorporates an electro-
optic modulator (EOM) driven by a radio-frequency
harmonic signal, whose amplitude and frequency can be
tuned, to generate a periodic potential. The resonator also
includes a short piece of erbium-doped fibre to partially
compensate for the cavity loss42. The measured effective
loss at small signal is about 2.5%. At the driving power

and detunings to observe CSs, the gain is slightly satu-
rated by the background (the fast saturation by a single CS
being negligible). Consequently, within the detuning
range in the experiments, the effective loss (Λe) is esti-
mated to lie between 3 and 4%. Beyond modulating the
effective loss, we have not seen the impact of the gain.

Temporal trapping by drifting potentials
In a first experiment, we set the driving to Pin ¼ 80 mW

and the amplitude of the IPM to JRF ¼ 1 rad (i.e., S ¼ 10:25
and J ¼ 54 at 3.7% loss) to investigate the soliton properties
as the drift coefficient is linearly scanned. We start with a
ωRF
2π � 12GHz frequency modulation (W ¼ 0:47) that mat-
ches an exact integer multiple of the cavity free spectral
range (FSR) to generate a stationary phase modulation
(d ¼ 0, see methods). Once the cavity is stabilised at a given
phase detuning, we excite a single CS using a single
addressing pulse6,43. After the transient, we slowly tune the
frequency of the modulation to higher (d < 0) or lower
(d > 0) values until the CS disappears. At each modulation
frequency, the CS spectrum is recorded to determine the
corresponding spectral width (/ B) and frequency shift.
Figure 2d presents the dependence of the spectral width on
the frequency shift across different detuning values,
encompassing both positive and negative drift regimes. A
good match is observed with the analytical predictions from
Eq. (7) with τs ¼ D�1j2Ω, confirming the reduction of the
CS spectral width with the frequency shift, that is, with the
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Fig. 2 Cavity soliton central frequency manipulation. a Schematic of the experimental set-up. The coherently driven resonator is made of single-
mode fibre (SMF) and includes an intracavity electro-optic phase modulator (EOM) to generate a sinusoidal potential ðJRF ¼ 1rad; ωRF

2π � 12GHzÞ. The
erbium-doped fibre (EDF) amplifier partially compensates for the cavity loss to emulate a low-loss passive resonator. Typical spectra measured for
positive (b) or negative (c) potential drifts. The drift amplitude and sign control the CS spectral position, which can be blue or red-shifted with respect
to the pump. d Spectral width of the soliton (circle), as a function of its frequency shift when the drift parameter is increased or decreased. Solitons
are generated with 80 mW input power and a driving beam detuning δ0 between 2 and 3.4 rad. The last measurement before the soliton disappears
is indicated by a triangle. The plain lines are the theoretical solutions from Eq. (7), and the dotted lines give the position of the Hopf ΩH2 for different
effective loss. Shaded area: stable CSs under an external phase modulation of the same amplitude and frequency

Englebert et al. Light: Science & Applications ���������(2026)�15:117� Page 4 of 10



1322  | Light Sci Appl | 2026 | Vol 15 | Issue 4 LSA

previous Lagrangian analysis to include the Raman scat-
tering by adding the term τRA∂τ Aj j2 in the right-hand
side of Eq. (1), with τR the normalised Raman time con-
stant (see Supplementary Information section A). We
note that we here consider the linear approximation of the
Raman spectral gain given the typical duration of CSs in
fibre resonators (>100 fs)46. In the steady state, the motion
equation for τs still gives Ω ¼ �d=2. For stationary IPM,
Ω ¼ 0, and the equation for the frequency shift becomes:

dV τð Þ
dτ
jτs ¼ JW sin Wτsð Þ ¼ 4τRB

4=15 ð9Þ

It shows that the CS stabilises at a position τs such that
the corresponding potential-induced spectral blue-shift
exactly compensates the Raman soliton red-shift (see also
Supplementary Figs. S6a and S7a). We note that, when
progressively increasing J or W, the soliton is initially not
trapped by the potential. It undergoes a Bloch oscillation
until JW > 4τRB4=15. Finally, the CS amplitude (B) is
found by combining the latter equation with Eq. (7),
which is unmodified by the SRS. The solutions from the
motion equations are shown in Fig. 3c. An excellent
agreement with the numerical continuation of the solu-
tions of the mean-field equation is obtained. The com-
parison with and without IPM reveals that higher peak
powers and, consequently, shorter CSs can be obtained
with SRS when they are trapped in the modulation. In the
experiment, we measure a 790-fs-long CS persisting
endlessly in the resonator, while stable CSs are limited to
988 fs by the SRS without the potential. (We note that we
have not performed measurements at V ¼ 0 because of
the Brillouin lasing.) Yet, with the experimental para-
meters, the limit detuning is here set by the depletion
limit (Eq. (8) for ΩDL ¼ 0). The shortest CS is thus
identical to the one given by the LLE.
Equation (9) suggests that the LLE limit could always be

reached, provided that the potential is sufficiently steep.
To broaden our analysis, we investigate how far the bal-
ance between the Raman red shift and the potential-
induced blue shift can be maintained. We find that at
large detunings, CSs can undergo a new saddle-node
bifurcation before reaching the depletion limit. Figure 3d
shows for S ¼ 30 the duration of the shortest stable CS as
a function of the cavity characteristic time, τc ¼ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi�β2Lc=Λe

p
, for a large amplitude harmonic IPM, as well

as for its parabolic approximation V τð Þ ¼ �J ½1�
Wτð Þ2=2�. These results are compared to the corre-
sponding shortest CS without trapping, both in the
absence and presence of SRS. We see that the modulation
enables the CS to approach or even reach the standard
limit without SRS. Yet, as τc decreases, the compensation
of the self-frequency shift becomes less effective. Ulti-
mately, the confinement in the IPM does not suffice to

stabilise the CS beyond the Raman limit (not shown).
Interestingly, for stationary quadratic modulations, the
motion equations can be solved to find the shortest soli-
ton width (See Supplementary Information section C). In
dimensional units, it reads:

ΔτFWHM;min � 2:02
ΛeτR2τ2c
2JRFω2

RF

� �1
6 ð10Þ

where τR ¼ τRτc is the Raman time constant. An excellent
agreement with the numerical solutions of the mean-field
model is obtained, providing that the Raman compensa-
tion is the limiting factor.

Bloch oscillations of the Kelly sidebands
The spectrum reported in Fig. 3 at high detuning

deviates significantly from that of a sech-shape soliton,
exhibiting broad and highly structured features in its
wings. Numerical simulations of trapped CSs with a
lumped-element model of our cavity, show that they
originate from periodic perturbations over the cavity
round-trip (see Fig. 3e). Without the internal phase
modulation, these perturbations give rise to narrowband
spectral peaks, known as Kelly sidebands. Their location
satisfy the quasi phase-matching relation
β ωð Þ � β ω0ð Þ � β1 ´ ω� ω0ð Þ½ �Lc ¼ 2πmþ δ0, where β is
the propagation constant, β1 is the inverse of the group
velocity, ω0 is the CS central frequency, δ0 is the cavity
detuning and m is an integer. These peaks are here
broadened by the electro-optic modulator. Yet, the
modulation does not produce regular sidebands, nor their
width and location can be predicted by a generalised
phase-matching condition in which δ0 ! δ0 þ ϕintðτÞ
with ϕintðτÞ the IPM (see Supplementary Information
section A). To gain more insight, Fig. 3f shows the spec-
trogram of the intracavity field. It reveals that the complex
shape of the Kelly-bands in the spectrum comes from the
interference of very regular oscillations of the Kelly waves
in the time-frequency domain. These oscillations origi-
nate in the relative drift between the linear waves and the
IPM. They can be seen as Bloch oscillations (BOs) along a
synthetic frequency dimension47. However, contrary to
BO experiments with linear wave packets in recirculation
loops47 or CSs in driven resonators26, the linear (Kelly)
waves are here continuously generated by the soliton,
resulting in a stationary pattern, round-trip after round-
trip. The effective force F responsible for the oscillatory
motion in the synthetic frequency lattice is F ¼
Δν=ðn ´ FSRÞ, where Δν ¼ n ´ FSR� νRF with νRF the
frequency of the phase modulation and n the closest
integer multiple between νRF and the FSR26. Yet, owing to
the dispersion, for a stationary phase modulation at ω0

(d ¼ 0), F is directly proportional to Δω ¼ ω� ω0, where
ω is the frequency of the sideband. Since the amplitude of
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BOs is given by ABO ¼ JRF= F , this accounts for the
reduction in the amplitude of the spectral oscillations
with the distance of the spectral sideband from the central
CS frequency seen in Fig. 3f. More precisely, the oscilla-
tion amplitudes from the simulation agree very well with
the 1=Δω scaling expected for BOs (see Supplementary
Information section D). These dynamics also explain the
asymmetry between modulated sidebands of the same
order. The interplay with Raman scattering shifts the
stationary position of the CS away from the potential
minimum, leading to different phase shifts in the oscil-
lations of the leading and trailing emitted waves, which in
turn give rise to an asymmetric spectral interference
pattern. We note that in the time domain, the Kelly
sidebands produce oscillatory tails on the soliton that
mediate long-range bound states between CSs48. The
Bloch oscillations of the Kelly waves alter the tail pattern;
however, it remains stationary, meaning that CSs can still
interact through their tails. The corresponding long-range
oscillating interaction potential adds to the periodic
potential and could modify the position of solitons indi-
vidually trapped at different locations (see Supplementary
Fig. S7).

Discussion
In this work, we have studied how the unique particle-

like characteristics of solitons and their interaction with
slowly varying trapping potentials can be leveraged to
control the properties of cavity solitons. In our experi-
ments, the potential is generated by IPM at a frequency
close to a high harmonic of the FSR of our fibre reso-
nator. We have shown that the locking of the cavity
soliton to the modulation enables to up- or down-shift
its spectrum with respect to the driving frequency by
desynchronising the modulation to the cavity round-
trip time. The CS then settles at a position in the
modulation reference frame offset from the minimum,
where a linear temporal phase is applied across the
pulse at each pass. This enables the photons to be
slightly up- or down-shifted by a Doppler-like frequency
shift49 (also called spectral shearing50,51). The interplay
between the driving, four-wave mixing and the single-
pass frequency shift introduced by the modulator
results in a finite spectral shift of the CS relative to the
driving.
We theoretically found that for deep potentials, the

limit spectral shift (δωmax) is fundamentally set either by
the driving pump depletion limit or a Hopf bifurcation,
while it is set by the maximum potential slope for shallow
potentials26. The maximum spectral shift, in turn, sets a
limitation on the tuning range of the output soliton comb
repetition rate: tmax

R =tR ¼ 2 β2
�� ��LcFSR δωmax, where the

factor of 2 arises because the soliton can experience either
a blue shift or a red shift.

Experimentally, we have investigated the trapping by
intracavity periodic phase modulations. We have observed
that the soliton spectrum can robustly be spectrally blue-
or red-shifted and that the reduction of the CS amplitude
with the frequency shift is very well predicted by our
theoretical model. The measured limit shifts broadly align
with the bifurcation analysis but are too small for nar-
rowband solitons, likely due to background-induced gain
saturation in our setup.
We then demonstrated that the ability to deterministi-

cally manipulate the soliton frequency can be exploited to
overcome the soliton self-frequency shift arising from the
SRS. We observed the formation of potential-stabilised
solitons that would not otherwise have existed34. How-
ever, we theoretically showed that there is a minimum
soliton duration below which the balance between the
potential induced blue-shift and the Raman red-shift
cannot be maintained.
Previous works have shown that cavity solitons can also

be trapped and manipulated by external phase modula-
tions17,19 of the coherent driving. Yet, compared to
external modulations, IPMs enhance the tuning range of
the CS spectral shift and thus of the soliton comb repe-
tition rate. In our experiment, the maximum shifts cor-
respond to a relative variation range of the comb
repetition rate of 5:5 ´ 10�6. This represents a 50-fold
improvement over previous demonstrations in a fibre
resonator using external phase modulation17 and a tenfold
improvement with our cavity parameters. The internal
modulation also increases the CS speed in response to a
phase gradient, in proportion to the inverse of the cavity
loss Λe. The improvement can be significant for low-loss
resonators, highlighting the importance of dissipation in
the dynamics of CSs in internally modulated resonators.
This is of prime interest for applications to micro-comb
given the recent developments of on-chip high-finesse
lithium niobate resonators that incorporate a high-speed
electro-optic modulator27 eliminating the need for an
amplifier, as required in this work.
We envision intracavity phase trap to play an important

role in the future of cavity soliton based frequency combs.
On the one hand, the robust locking mechanism can be
leveraged for generating ultra low-noise optical combs
and microwave signals through direct synchronisation of
the cavity solitons to an external microwave reference27 or
by employing a coupled optoelectronic oscillator
scheme52–54. On the other hand, the motion equations
show that the potential gradient governs the rate at which
the soliton frequency can be changed per round trip. The
ability to rapidly vary the soliton frequency and, thus, the
soliton comb repetition rate by steep potentials can ben-
efit many applications, such as LiDAR and sensing.
Finally, our findings could shed light on recently reported
results in internally modulated cavity soliton
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previous Lagrangian analysis to include the Raman scat-
tering by adding the term τRA∂τ Aj j2 in the right-hand
side of Eq. (1), with τR the normalised Raman time con-
stant (see Supplementary Information section A). We
note that we here consider the linear approximation of the
Raman spectral gain given the typical duration of CSs in
fibre resonators (>100 fs)46. In the steady state, the motion
equation for τs still gives Ω ¼ �d=2. For stationary IPM,
Ω ¼ 0, and the equation for the frequency shift becomes:

dV τð Þ
dτ
jτs ¼ JW sin Wτsð Þ ¼ 4τRB

4=15 ð9Þ

It shows that the CS stabilises at a position τs such that
the corresponding potential-induced spectral blue-shift
exactly compensates the Raman soliton red-shift (see also
Supplementary Figs. S6a and S7a). We note that, when
progressively increasing J or W, the soliton is initially not
trapped by the potential. It undergoes a Bloch oscillation
until JW > 4τRB4=15. Finally, the CS amplitude (B) is
found by combining the latter equation with Eq. (7),
which is unmodified by the SRS. The solutions from the
motion equations are shown in Fig. 3c. An excellent
agreement with the numerical continuation of the solu-
tions of the mean-field equation is obtained. The com-
parison with and without IPM reveals that higher peak
powers and, consequently, shorter CSs can be obtained
with SRS when they are trapped in the modulation. In the
experiment, we measure a 790-fs-long CS persisting
endlessly in the resonator, while stable CSs are limited to
988 fs by the SRS without the potential. (We note that we
have not performed measurements at V ¼ 0 because of
the Brillouin lasing.) Yet, with the experimental para-
meters, the limit detuning is here set by the depletion
limit (Eq. (8) for ΩDL ¼ 0). The shortest CS is thus
identical to the one given by the LLE.
Equation (9) suggests that the LLE limit could always be

reached, provided that the potential is sufficiently steep.
To broaden our analysis, we investigate how far the bal-
ance between the Raman red shift and the potential-
induced blue shift can be maintained. We find that at
large detunings, CSs can undergo a new saddle-node
bifurcation before reaching the depletion limit. Figure 3d
shows for S ¼ 30 the duration of the shortest stable CS as
a function of the cavity characteristic time, τc ¼ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi�β2Lc=Λe

p
, for a large amplitude harmonic IPM, as well

as for its parabolic approximation V τð Þ ¼ �J ½1�
Wτð Þ2=2�. These results are compared to the corre-
sponding shortest CS without trapping, both in the
absence and presence of SRS. We see that the modulation
enables the CS to approach or even reach the standard
limit without SRS. Yet, as τc decreases, the compensation
of the self-frequency shift becomes less effective. Ulti-
mately, the confinement in the IPM does not suffice to

stabilise the CS beyond the Raman limit (not shown).
Interestingly, for stationary quadratic modulations, the
motion equations can be solved to find the shortest soli-
ton width (See Supplementary Information section C). In
dimensional units, it reads:

ΔτFWHM;min � 2:02
ΛeτR2τ2c
2JRFω2

RF

� �1
6 ð10Þ

where τR ¼ τRτc is the Raman time constant. An excellent
agreement with the numerical solutions of the mean-field
model is obtained, providing that the Raman compensa-
tion is the limiting factor.

Bloch oscillations of the Kelly sidebands
The spectrum reported in Fig. 3 at high detuning

deviates significantly from that of a sech-shape soliton,
exhibiting broad and highly structured features in its
wings. Numerical simulations of trapped CSs with a
lumped-element model of our cavity, show that they
originate from periodic perturbations over the cavity
round-trip (see Fig. 3e). Without the internal phase
modulation, these perturbations give rise to narrowband
spectral peaks, known as Kelly sidebands. Their location
satisfy the quasi phase-matching relation
β ωð Þ � β ω0ð Þ � β1 ´ ω� ω0ð Þ½ �Lc ¼ 2πmþ δ0, where β is
the propagation constant, β1 is the inverse of the group
velocity, ω0 is the CS central frequency, δ0 is the cavity
detuning and m is an integer. These peaks are here
broadened by the electro-optic modulator. Yet, the
modulation does not produce regular sidebands, nor their
width and location can be predicted by a generalised
phase-matching condition in which δ0 ! δ0 þ ϕintðτÞ
with ϕintðτÞ the IPM (see Supplementary Information
section A). To gain more insight, Fig. 3f shows the spec-
trogram of the intracavity field. It reveals that the complex
shape of the Kelly-bands in the spectrum comes from the
interference of very regular oscillations of the Kelly waves
in the time-frequency domain. These oscillations origi-
nate in the relative drift between the linear waves and the
IPM. They can be seen as Bloch oscillations (BOs) along a
synthetic frequency dimension47. However, contrary to
BO experiments with linear wave packets in recirculation
loops47 or CSs in driven resonators26, the linear (Kelly)
waves are here continuously generated by the soliton,
resulting in a stationary pattern, round-trip after round-
trip. The effective force F responsible for the oscillatory
motion in the synthetic frequency lattice is F ¼
Δν=ðn ´ FSRÞ, where Δν ¼ n ´ FSR� νRF with νRF the
frequency of the phase modulation and n the closest
integer multiple between νRF and the FSR26. Yet, owing to
the dispersion, for a stationary phase modulation at ω0

(d ¼ 0), F is directly proportional to Δω ¼ ω� ω0, where
ω is the frequency of the sideband. Since the amplitude of
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microcombs27, and could be extended to solitary waves of
the parametrically driven nonlinear Schrödinger equation
in optics55,56 and hydrodynamics3, where the potential
will interact with the attraction or repulsion force in
soliton pairs57.

Materials and methods
Numerical continuation
We performed numerical continuations using the

BifurcationKit Julia library58. We discretized the mean-
field equations onto a N ¼ 512 points lattice on a time
window that entirely contains the soliton. Numerical
derivatives were computed in the spectral domain (mul-
tiplication by �iωð Þn for nth order derivative). From this,
we implemented a fully matrix-free Jacobian-Vector
product (JvP). Similarly, we used a matrix-free generalised
minimal residual iterative method for solving the JvP
linear systems that arise for every Newton-Raphson steps.
We preconditioned the linear solver by the inverse of the
derivatives spectral representation (1= �iωð Þn), as we
found that it greatly accelerated the convergence rate.
Continuation of bifurcation points (Hopf and SN) was
achieved with the Minimally Augmented formulation59.
Numerical convergence with a higher number of points N
was verified.

Experimental set-up
The experimental set-up used to investigate the

dynamics of cavity solitons in trapping potentials consists
of an active fibre ring resonator42 of length Lc ¼ 64m
(free spectral range of 3.12MHz, τc ¼ 7 ps). Specifically, it
is made of 63 m of standard telecommunication single-
mode fibre (SMF-28, γ ¼ 1:3W�1km�1; β2 ¼
�2:3´ 10�26s2m�1) spliced to a 75 cm-long segment of
erbium-doped fibre (EDF, Liekki® ER16-8/125). The aim
of the doped fibre is to partially compensate for the high
cavity roundtrip loss (T ¼ �2:8 dB when the EDF is
removed, corresponding to an intrinsic finesse of F ¼
9:7). The length of the amplifying section has been
carefully adjusted following the method described in
ref. 42. The EDF is pumped by a 1480 nm laser through a
wavelength division multiplexer, with a power Pin

p ¼ 2 W.
The unabsorbed pump power Pout

p after the EDF is
rejected by a second WDM. In addition, to individually
address a soliton by means of a single writing pulse6,43,
the cavity includes a 1535/1550 WDM. The writing pul-
ses come from a 1535 nm mode-locked laser and are
gated using an acousto-optic modulator (see Supple-
mentary Fig. S3). The three WDMs combined spectral
transmission prevents lasing at shorter wavelengths43.
With intracavity amplification, the measured effective
loss at small signal is about Λe ¼ 2:5% (effective finesse
Fe ¼ 250). The saturation power is estimated to 250 mW
from the numerical model developed in ref. 42. In the

mean-field simulations and numerical continuations, the
gain saturation was not included explicitly but accounted
for by using a higher effective loss. The resonator
includes an electro-optic phase modulator to generate the
(real) potential. The EOM is driven by a harmonic RF
signal whose amplitude (JRF) and frequency (νRF) can be
freely chosen. JRF is experimentally limited to 1 rad at the
modulation frequency (� 12GHz). The optical cavity is
coherently driven with a sub-100-Hz continuous wave
laser, centred on 1550.12 nm. It is amplified by a com-
mercial erbium-doped fibre amplifier (EDFA) before
being injected into the cavity through the 90/10 input
coupler. The driving beam polarisation is adjusted at the
cavity input with a polarisation controller to excite one
eigen polarisation mode of the cavity. Part of the intra-
cavity power is extracted at the output coupler (99/1) to
perform spectral measurements of the intracavity field.
We note that the IPM prevents the build-up of stimulated
Brillouin scattering. Therefore, there is no need for an
optical isolator, even if the cavity is pumped by a highly
coherent CW laser. This enables sending a co-polarised
frequency-shifted counter-propagating CW control signal
to stabilise the cavity detuning. Its polarisation is identical
to the driving beam to avoid large insertion loss in the
EOM. The cavity detuning is actively stabilised by using a
proportional-integral-derivative (PID) controller fed by
the signal generated by the output control beam on a
photodiode (200 kHz bandwidth). The cavity detuning is
tuned by slightly shifting the frequency of the control
signal with a frequency shifter (FS).

Drifting potential
To study how CSs behave in a drifting potential (Fig.

2b–e), we first precisely stabilise the cavity detuning Δ by
means of the frequency shifter (FS). Once the CS is
excited by a single writing pulse, we change the frequency
modulation by steps of 1 kHz and simultaneously record
the optical spectrum with an optical spectrum analyser
(OSA) until the soliton disappears. We repeat the
experiment three times for each detuning to ensure that
the soliton disappearance is related to the potential drift
and not the consequence of an external perturbation.

Raman cancellation
The experimental procedure is similar to the one for

drifting potentials, except that the modulation is main-
tained equal to an integer multiple of the free spectral
range (d ¼ 0).
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Materials and methods
Numerical continuation
We performed numerical continuations using the

BifurcationKit Julia library58. We discretized the mean-
field equations onto a N ¼ 512 points lattice on a time
window that entirely contains the soliton. Numerical
derivatives were computed in the spectral domain (mul-
tiplication by �iωð Þn for nth order derivative). From this,
we implemented a fully matrix-free Jacobian-Vector
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linear systems that arise for every Newton-Raphson steps.
We preconditioned the linear solver by the inverse of the
derivatives spectral representation (1= �iωð Þn), as we
found that it greatly accelerated the convergence rate.
Continuation of bifurcation points (Hopf and SN) was
achieved with the Minimally Augmented formulation59.
Numerical convergence with a higher number of points N
was verified.

Experimental set-up
The experimental set-up used to investigate the

dynamics of cavity solitons in trapping potentials consists
of an active fibre ring resonator42 of length Lc ¼ 64m
(free spectral range of 3.12MHz, τc ¼ 7 ps). Specifically, it
is made of 63 m of standard telecommunication single-
mode fibre (SMF-28, γ ¼ 1:3W�1km�1; β2 ¼
�2:3´ 10�26s2m�1) spliced to a 75 cm-long segment of
erbium-doped fibre (EDF, Liekki® ER16-8/125). The aim
of the doped fibre is to partially compensate for the high
cavity roundtrip loss (T ¼ �2:8 dB when the EDF is
removed, corresponding to an intrinsic finesse of F ¼
9:7). The length of the amplifying section has been
carefully adjusted following the method described in
ref. 42. The EDF is pumped by a 1480 nm laser through a
wavelength division multiplexer, with a power Pin

p ¼ 2 W.
The unabsorbed pump power Pout

p after the EDF is
rejected by a second WDM. In addition, to individually
address a soliton by means of a single writing pulse6,43,
the cavity includes a 1535/1550 WDM. The writing pul-
ses come from a 1535 nm mode-locked laser and are
gated using an acousto-optic modulator (see Supple-
mentary Fig. S3). The three WDMs combined spectral
transmission prevents lasing at shorter wavelengths43.
With intracavity amplification, the measured effective
loss at small signal is about Λe ¼ 2:5% (effective finesse
Fe ¼ 250). The saturation power is estimated to 250 mW
from the numerical model developed in ref. 42. In the

mean-field simulations and numerical continuations, the
gain saturation was not included explicitly but accounted
for by using a higher effective loss. The resonator
includes an electro-optic phase modulator to generate the
(real) potential. The EOM is driven by a harmonic RF
signal whose amplitude (JRF) and frequency (νRF) can be
freely chosen. JRF is experimentally limited to 1 rad at the
modulation frequency (� 12GHz). The optical cavity is
coherently driven with a sub-100-Hz continuous wave
laser, centred on 1550.12 nm. It is amplified by a com-
mercial erbium-doped fibre amplifier (EDFA) before
being injected into the cavity through the 90/10 input
coupler. The driving beam polarisation is adjusted at the
cavity input with a polarisation controller to excite one
eigen polarisation mode of the cavity. Part of the intra-
cavity power is extracted at the output coupler (99/1) to
perform spectral measurements of the intracavity field.
We note that the IPM prevents the build-up of stimulated
Brillouin scattering. Therefore, there is no need for an
optical isolator, even if the cavity is pumped by a highly
coherent CW laser. This enables sending a co-polarised
frequency-shifted counter-propagating CW control signal
to stabilise the cavity detuning. Its polarisation is identical
to the driving beam to avoid large insertion loss in the
EOM. The cavity detuning is actively stabilised by using a
proportional-integral-derivative (PID) controller fed by
the signal generated by the output control beam on a
photodiode (200 kHz bandwidth). The cavity detuning is
tuned by slightly shifting the frequency of the control
signal with a frequency shifter (FS).

Drifting potential
To study how CSs behave in a drifting potential (Fig.

2b–e), we first precisely stabilise the cavity detuning Δ by
means of the frequency shifter (FS). Once the CS is
excited by a single writing pulse, we change the frequency
modulation by steps of 1 kHz and simultaneously record
the optical spectrum with an optical spectrum analyser
(OSA) until the soliton disappears. We repeat the
experiment three times for each detuning to ensure that
the soliton disappearance is related to the potential drift
and not the consequence of an external perturbation.

Raman cancellation
The experimental procedure is similar to the one for

drifting potentials, except that the modulation is main-
tained equal to an integer multiple of the free spectral
range (d ¼ 0).
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